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Detailed Balance and Critical Slowing
Down for Classical Lattice Systems
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For classical lattice systems we prove rigorously a relation between the fluc-
tuations and the relaxation times for a dynamics given by a detailed balance
semigroup. In particular we give a rigorous proof of the conventional theory of
critical slowing down.
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1. INTRODUCTION

For the study of the approach to equilibrium in classical lattice models the
Glauber dynamics'!’ has become rather a theory than a model. Its essential
feature is that it describes transitions from one state to another with a
probability which is in correspondence to the one for its inverse transition.
Mathematically this property of a Markovian semigroup evolution is
expressed by its self-adjointness with respect to the equilibrium state, which
means that the transition probabilities are proportional to the Boltzmann
factor. This property is known as the condition of detailed balance.

The main interest in these processes comes from their property of
describing the approach to equilibrium.”” Here we are particularly
interested in the characteristics of the relaxation to equilibrium under these
processes. It is expected by the conventional phenomenological theories®*
that one has an exponential decay law to equilibrium.
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In this paper we prove a rigorous relation between the fluctuations
and the decay rate of physical quantities for systems satisfying the detailed
balance condition. The proof is given for a large class of classical lattice
systems. In particular we prove that the lifetime of an observable is gover-
ned by the fluctuation of that observable. For equilibrium states of systems
showing a phase transition this yields a rigorous relation between the
critical exponents of the fluctuation and the lifetime.

As an illustration we sketch examples of evolutions generated by spin-
flips and exchange of the spins, and examples of magnetization and energy
fluctuations.

2. FORMULATION OF THE PROBLEM

We consider a classical system of particles attached to the sites of a
countable set S. It includes the ordinary lattices with regular and irregular
structure. At each site je S we describe the particles by means of their
phase space K, which we suppose to be a compact topological space. Given
A a finite subset of S, denote by K, the product [],. , K;, where K, is a
copy of K attached to the site je A. The space K, is the configuration space
of the volume A. Denote by C(K,) the set of real-valued continuous
functions on K. Then C(Kj) represents the algebra of observables of our
system, it is the uniform closure of the set U , C(K,). The states of the
system are given by the probability measures w on K and we use the
notation: {f) = [, fdw.

Let I" be a family {4} of finite subsets A of S. For each A€ T, let L,
be a map of C(Kj) into itself such that

(i) L,f=0forallfeC(Ks\ ) (1)

(1) Forall 4, L, is bounded. (2)

(i) L,(f)22fL,(f), feC(K,) (dissipativity) 3)
L,(1)=0 {unity preserving)

(iv) VieS: ) |L < (4)

Ael
ieA

Now we define

L=} Ly (3)

Ael”
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on the domain Z(L)={feC(Ks)|feC(K,) for some finite A}. If
feC(K,), then

Lf= Z LA’f
A'el
A nA*g

and it is obvious that

\

Y LAfffls Y LSl

A'el” Ael”
A NA#g A'NA#£P

< Y Ll A
Ael”
A nA%P

<y ( y nun) i1

ieA \A'el”
ieA’

which is finite because of condition (4).
The map L is said to satisfy the condition of detailed balance with
respect to a measure w on K if for all f, ge C(Kj)

(V) {SLag>=<L(L.f) &> (6)

holds for all A€ I.%

Let #,= L*(C(Ks), @) be the complex Hilbert space with a usual
scalar product (f, g)=<fg), then the map L, defined by (5), induces a
symmetric, negative definite, densely defined operator L. L is well defined
because, let fe @(L) such that {|f|?>=0 then by (6) {|L,fI*>=
(LA S <SP VELE £ for all A el

Hence there exists a unique self-adjoint, negative definite extension
(Friedrich’s extension), again denoted by L, of L.(” Therefore

y,=expil, 120 (7)

is a well-defined strongly continuous semigroup of self-adjoint contractions
on #, leaving invariant the unit function 1.

The semigroup (7) yields a dynamics of the system satisfying the
detailed balance property with respect to a probability measure w.

Now we are interested in the behavior of what is called the
autocorrelation functions. This becomes in our framework the following
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functions of time f: for each e, such that (y,1)=0 we study the
function

(eR, — ()= “ff%) 8)

Let {E(4)| A€ R*} be the spectral resolution of —L; then

flty=]" e dmy(2) ©)
where
(v, EG) )
dmy,(A)=d ———"—
=TT

As usual the mean relaxation time 7, is defined by

0 o 1
=| dtf,(t)y=| =—dmy(d 10
w= [ difn = s amy) (10)
and the mean relaxation constant v, by

d o
vy = —Ef:tzozfo i dm,(2) (11)

By convexity of the exponential one gets from Jenssen’s inequality

Flty=]" e dmy (2)
0
Zexp[—roidmw(i) t:|=exp(‘th) (12)
0
Therefore
S 1
T, = v

In the following we relate for an observable its mean relaxation constant
with its fluctuation.
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3. CRITICAL SLOWING DOWN

We consider a particular class of observables: let ¢ be a map from the
finite subsets of S into |J ,C(K,), i.e., X — ¢(X), then for cach subset 4 of S
we construct the observable

D= (X) (13)

Xcda

Lemma 3.1. Let w be a state of C(K) and L a detailed balance
generator with respect to w [see (7)] satisfying the condition

sup Y Y (L4l <M< oo (14)

jeS keS Ael
Jked

then for each observable @, (13), satisfying

sup ), Y lg(X)=0<© (15)
/ESkeSj/,\;(cEi

one has

0< _((DA, L(DA)<MQ2 M[

where |4] is the number of elements of 4.

Proof. Let

ag= 3, l¢(X)l

Xc§
SkeX

bjk'_" Z HLA“

Ael
Jked

1 .
c,-k=M—|xA(J)xA(k)
where

)= 1 if jed
=0 i jed

By definition ¢=(cj,) is a one-dimensional projection operator on /*(S)
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and by (14) and (15), b=(b,) and a=(a;) are bounded operators on
*(S), indeed

lall <sup Y layl=0Q <o
jeS keS

1b] <sup Y, |byl <M< oo

JE€S keS
Now

[CIWEAESD IS X e gL

Ael X<8 YeS8
XnAd#¢ YnA#g¢
Xnd#¢ Ynd#g

<y (z ajk>< » a,-fk) L,

Ael’ Njed jeA
ked k'ed
1
= |4| Z Ay Qg Z HLAH?XA(k)XA(k’)
Bk, jk'eS Ael l l
ijea

= |4| tr acab< |4| |la|? |b| < Q°M | 4|
This proves the lemma. ]

Theorem 3.2. Let w be a measure on K and 7, a detailed balance
evolution with respect to @ [see (7)], then for each finite subset 4 of S one
has

(@,v,@)—@pgexp[_ MQ* 4|1 ]
{B, =B~ (@505

where @, is as in (13), M as in condition (14) Section 2, and ¢ is as in
(15).
Proof. Using formula (12) with y =@, — (&, ) one gets

(¢A7V!¢A)_<¢A>2>exp (P4, LD )
UD,—L D)y ~ T U Ps— (D)

The theorem follows by Lemma 3.1. |

Next we specialize to w being an equilibrium measure wy at some
inverse temperature = 1/kT.
Suppose L is a generator of a dynamical semigroup given by a sum of
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local ones as in (5). If L is supposed to satisfy the detailed balance con-
dition with respect to wyg, then L will depend on 8, we denote it by L.

Furthermore we are particularly interested in systems showing a phase
transition at a certain temperature f,, called critical temperature.
Moreover we assume that the phase transition manifests itself by the
occurrence of abnormal fluctuations when §— f_, ie., there exists at least
one observable of the type as given in (13) such that the fluctuation

(B, (D
48 |A]

= 2(h) (16)

exists for all # in an interval U containing 8. and §+#f8,, and such that

g(B) diverges at f=§..
Moreover, we consider generators L 4, A € I” such that the bound M
in (14) is uniform for all e U.

Corollary 3.3. (Critical slowing down). Let w, be an equilibrium
state of the system showing a phase transition at f, of the type described
above. Take f e U, an interval containing f,, and let y# = ¢"™ be a detailed
balance evolution with respect to w;; then

.. (¢Aa7?q§4)_<¢d>2 [ MQZI}
lim inf Sexn| —
ST @, (B, C 2(5)

where g(f) is the fluctuation of @ given by (16). In particular

MQ?
0<Inf{—0o|oeSpectr L;, 6 #0} <——
{ ST
or the spectral gap of L; is bounded by the inverse of the fluctuation of @.
Hence if § — . we observe the critical slowing down of the autocorrelation
function.

Proof. The corollary is an immediate consequence of the theorem
and the assumptions. [

In the usual theories on critical slowing down one assumes the
existence of the critical exponents
. lo
o= lim %8 g(h)
T rer-o0. log|T—T,

Using definition (11)

, (D, LDy
PamCOL T (D=L DN
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Assume that there exists ¢ >0 such that

. (P4, LD )
ly= lim ————F =~ 17
4 Alins |4] (17)
then using (16)
Vﬁzjiins Vo, (o =15/8(P)
By Lemma 3.1, /; is uniformly bounded and hence
1
logvy __ o loes®) g

1 —_ =
rrimo og | T—T 7 1. log | T—T)

yielding a rigorous proof of what is called the conventional theory of
critical slowing down.?

We close the paper with some illustrations. Let S=Z" the cubic lattice
in v dimensions and K= {0, 1}, i, we have a lattice gas or a lattice
occupied by spin-1/2 particles. Consider an interaction Hamiltonian of the

type
H.,= Y Jli—jl)o0;,+b Y o,

iLjeAa ied
where the o, are the spin variables and where the coupling constants satisfy
Y U <o (19)
jez’ .
Consider
r=7" and T(keZ”)
the spin-flip transformation at the lattice site ke Z":
T,0,=0; if i#k
= —0, if i=k
Denote by
h(t,y= tm <, H,—H,

A—>7

the relative Hamiltonian for the spin flip 7. It is well defined because of
condition (19). Take

L=73 L (20)

jez
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where
L,= e—(ﬁ/2)h(rk)(.[k - )

then L defines the usual Glauber dynamics. On the other hand consider the
set of all pairs (i, j), (i # j) of elements in 7" and 7,; the permutation trans-
formation

‘C‘;jo'k=6k if k#l,_}.
Again let

hz,)= lim ©,H,~H,

be the relative Hamiltonian for the transformation 7,and put

L= Z Z Li,i+] (21)
i€?je2*
i
where

L 42/1]_487(!?/2)/1(@)(11_]__ 1)

ij

with 4;>0 such that 3°;_,. 1, < o0.

This example of L describes a generalized hopping process.

Clearly the generators in the examples (20) and (21) and their sums
satisfy the conditions (1), (2}, (3), (4) and condition (14).

Finally we give two physically relevant examples of observables
satisfying condition (15). First choose in formula (13):

#X)=0, if X={i}

= otherwise

then @, is the (local) magnetization in the volume 4.
Secondly choose in formula (13)

#(X) = bo,; if X={i};beR
:j(!i_j[)giaj if X= {i,./.};i?éj
=0 otherwise

then @, is the (local) energy in the volume 4. Obviously these two obser-
vables satisfy condition (15).
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For the example (20) of the generator L, and for the observable of the
magnetization, by a straightforward computation one observes the validity
of the condition (17). Therefore the result (18) on the critical exponents is
valid in this case. The same holds for the generator L being a sum of (20)
and (21) while the spectrum of (21) alone has no gap at zero.
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